Abstract. Recent research activities on sharp constants and optimal inequalities have shown their impact on a deeper understanding of geometric, analytical and other phenomena in the context of partial differential equations and mathematical physics. These intrinsic questions have applications not only to a-priori estimates or spectral theory but also to numerics, economics, optimization, etc.
Introduction by the Organisers
The problem of finding sharp constants in geometric and functional inequalities is an issue of recognized importance in modern analysis. Prototypical instances of this kind of problems include isoperimetric inequalities, spectral estimates in mathematical physics, Sobolev and Hardy inequalities. Knowledge of the optimal form of the relevant inequalities and of the corresponding extremals not only provides deeper insight into the inequalities themselves, but is often crucial for applications to related partial differential equations and problems of the calculus of variations, as witnessed, for example, by the solution to the Yamabe problem.
Following classical results with their origins in the work of Steiner, Schwarz, Pólya, and Szegö, the proof of the isoperimetric inequality in the Euclidean space by De Giorgi was a breakthrough which paved the way to fundamental contributions to the study of optimal constants in the sixties and seventies of the last century by Federer, Maz'ya, Talenti, Aubin, Moser. Recent years have seen a renewed interest in investigations on these topics, which have benefited both from developments in classical methods such as symmetrizations and rearrangements, and also from new techniques, including scaling techniques and optimal mass transportation.
It was the aim of the proposed workshop to bring together mathematicians who work on various aspects of functional inequalities from spectral theory, shape optimization, probability, partial differential equations and related fields.
The workshop was attended by participants from various scientific communities including mathematical physics, nonlinear PDE, spectral theory, calculus of variations, optimal transportation and functional analysis. The common tie was the use of optimal estimates in different contexts. It came as a surprise even to the organizers how rich the theory of Sobolev and related inequalities is, and how varied the methods are. There were several contributions about the characterization of functions that provide sharp estimates, discussing qualitative properties such as symmetry or lack of symmetry, as well as quantitative aspects involving remainder terms in classical inequalities. To give an example, several talks dealt with inequalities like the Hardy-Sobolev inequality in the form
where M is a submanifold of the open set Ω ⊂ R n fulfilling suitable assumptions, C 0 is the optimal constant, and V is a one-dimensional function with an appropriate singularity at 0.
Some contributions were concerned with topics that at first sight appeared to be outside the central focus of the workshop, but then it turned out that they were indeed related and of great interest to the participants. Apart from the traditional presentations there were numerous informal discussion groups and an open problem session.
We made sure that all of the young participants could present their work. In particular, the three young postdocs that were supported as Oberwolfach Leibniz Graduate Students (OWLG) gave lectures on Monday and Tuesday. As it is often the case in Oberwolfach, there was a lot of interaction and a pleasant atmosphere, in which we shared information and brought each other up to the state of the art on particular questions. Of course the friendly and professional help from the Oberwolfach staff helped making the workshop a success.
